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Intensity Formula for Single Bragg Reflection, Including Corrections for the Effects of
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Abstract

Two existing intensity formulae of a single Bragg
reflection which include corrections for the effects of
extinction and thermal diffuse scattering are discussed
on the basis of energy-transfer equations for secondary
extinction. It is shown that one of them, which has been
recommended by Cooper & Rouse [In Thermal
Neutron Diffraction (1970), edited by B. T. M. Willis,
Oxford Univ. Press], is not valid.

1. Introduction

In the accurate analysis of ‘density distribution by
means of X-ray and neutron diffraction from single
crystals, the most remarkable progress made in the last
decade comes from the fact that the observed inte-
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grated intensities can now be corrected for extinction
and thermal diffuse scattering. In the actual analysis, at
present, the integrated Bragg intensity is represented by
two slightly different formulae in which corrections for
the effects of absorption, polarization, extinction and
thermal diffuse scattering are included. However, there
has been no discussion about the difference between
these two formulae, except for a comment given by
Cooper & Rouse (1970). Consequently the choice
seems to have depended upon the convenience to the
analyst. The purpose of this paper is to reconsider what
sort of scattering process is really represented by each
formula and to recommend that one of them be used
for the refinement as representing more plausibly the
scattering process.

2. Expressions for the integrated Bragg intensity

In corrections for the effect of extinction as well as
thermal diffuse scattering to the observed integrated
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Bragg intensity, I,,,(obs), the following two formulae
are widely used:

Ly(0b8) = $A,, (Y + ap)| Fpycale)2Lp A3, (1)
I(obs) = s4, Yy (1 + ap)! Fiyyl*Lp 23 2)

where the notation used is as follows: s is the scale
factor, 4, is the transmission factor (for absorption),
Y, 1s the extinction factor, ay, is the thermal diffuse
scattering correction factor, F,, is the structure factor
of the hkl reflection, Lp is the Lorentz—polarization
correction factor, and A is the X-ray wavelength.
Formula (1) is recommended by Cooper & Rouse
(1970) on the basis of the following argument. The
observed integrated intensities are given by the sum of
two independent scattering components; the normal
Bragg scattering component and the thermal diffuse
scattering, TDS, component. TDS arises from the
scattering by long-wavelength phonons which are
incoherent.

The scattering cross section for the TDS is usually
very small in comparison with that of Bragg scattering,
although the TDS can amount to more than 20% of the
observed Bragg intensity for higher-order reflections, if
all the scattering under the Bragg reflection is inte-
grated. Cooper & Rouse (1970) then suggested that the
kinematical diffraction theory could be applied to the
TDS component, whilst the Bragg reflection is subject

yxlg __

y(1+at)lg
)]
Fig. 1. (a) Case where the TDS of a single phonon in the direction

of a Bragg beam is not scattered. (b) Case where the TDS is also
subject to Bragg scattering.

INTENSITY FORMULA FOR SINGLE BRAGG REFLECTION

to extinction. Such a scattering process is illustrated in
Fig. 1(a). On the other hand, the scattering process
corresponding to (2) is given in Fig. 1(4), where the
TDS, ie. the X-rays scattered forward along the
direction of the Bragg reflection by a long-wavelength
phonon, are not treated separately from the X-rays
scattered by the Bragg reflection. The repetition of
energy transfer between the incident and Bragg beam
directions is, therefore, included as not negligible even
for this weak and incoherent component, TDS.

The differences between the scattering process
represented by the two formulae will be clearly
understood by comparing Figs. 1(a) and (b) with
formulae (1) and (2). The point is therefore whether the
weak and incoherent X-rays created by phonon
scattering can be diffracted again by Bragg scattering.
An answer to this question can be easily obtained if one
considers the meaning of the scattering process in terms
of the Darwin energy-transfer equation, which is valid
for an incoherent X-ray beam.

3. Energy-transfer relationship

If the energy transfer between the incident and
diffracted beams at various points is considered on the
basis of Hamilton’s (1957) formalism for the secondary
extinction effect, the well known energy-transfer
equations can be obtained:

ol, .
3—Xl= —0'(]0— Ig) (3(1)
ol )
5;:: =—o(I,~ I, (3b)

where the absorption effect is neglected for simplicity
and I, I, are the incident and the diffracted beam
intensities, respectively, at a point M(x,, x,) as shown
in Fig. 2, and o is the quantity proportional to the

lo

Fig. 2. Hlustration of incident and diffracted beam intensities at

point M(x,, x,).
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scattering cross section at that point, i.e. proportional
to the square of the structure factor and orientation of
mosaic block at that part of crystal. In (3a) and (3b)
the first terms represent the decrease of intensities due
to a single Bragg reflection, while the second terms
show the increase of intensities due to repeated Bragg
reflection. We see from the equations how the X-ray
energy or intensity is transferred from the incident
beam direction to the Bragg direction and vice versa at
any point M(x,, x,), where x, and x, are coordinates
along the two propagation directions from the surface
of the crystal. Since the change of intensities with path
x; depends linearly on the primary and diffracted beam
intensity, we see that the energy transfer between the
beams depends only on the scattering cross section &
and is independent of the strength of the primary beam
or the diffracted beam intensities. This means that even
for a very weak X-ray beam, such as only one photon,
energy transfer would be repeated between the primary
and the diffracted beams if the scattering cross section
is large. This is a very important point in considering
the scattering process for X-rays either weak or strong.

Therefore we see that once the X-ray is scattered
along the direction of a Bragg reflection, for example by
single scattering with a long-wavelength phonon, it
must follow the same scattering process as that for the
Bragg reflection case.

4. Conclusion

It is clear from the above argument that between the
two formulae representing the integrated Bragg inten-
sity in which both the TDS and the extinction
corrections are included (2) represents the correct
scattering process in a real crystal.

It should also be emphasized here that the extinction
effect is not due to the strength of the X-ray beam but
rather to the magnitude of the scattering cross section.
By saying that the extinction is not severe for a weak
beam we understand that the weak beam in a crystal is
created from the scattering due to small scattering
cross section and has not the chance of being
repeatedly scattered.

Although Cooper & Rouse (1970) recommend that
structure refinement should be made on the basis of (1)
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by correcting not individually but simultaneously the
TDS and the extinction effect, it is concluded that it is
unnecessary to do so. After correction of the observed
intensity for TDS and Lorentz—polarization, analysis
can be made by refinement of the structure parameters
and the extinction parameters, using available pro-
grams.

We also consider here the problem of whether the
structure parameters and the extinction parameters
determined on the basis of (1) are acceptable. Since the
TDS cross section is proportional to the square of the
scattering vector, i.e. (sin 6/1)%, the TDS is usually not
large for the lower-order Bragg reflection of large
structure factors which are subjected severely to
extinction. The senses of the corrections for TDS and
extinction are opposite. Therefore, we can see that the
parameters determined on the basis of the two formulae
are very much the same within the experimental errors,
except for some extreme cases where the extinction is
not negligible even for higher-order reflections, as seen
sometimes in neutron diffraction data.

The argument made in this paper is based on the
energy-transfer equations which are valid only for
correction for secondary extinction; however the same
argument may be extended to the primary extinction
case. For the validity of energy-transfer equations (3a)
and (3b) on the basis of more fundamental Takagi—
Taupin equations for a distorted crystal a series of
papers by Kato (1976, 1980) should be referred to.
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